
9/27/2018 Fall 2018, Calculus I Test I Solutions Sitaraman
Howard University Math Department

1. Let f(x) = |x|, the absolute value function.

a)(4 points) What are the domain and range of the function?

b) (3 points) Is it 1-1 ? If not, is it 1-1 on a part of the real line?

c) (3 points) Is it continuous?

d) (5 points) Is it differentiable? If not, where is it not differentiable and why?

Solution:

a) Domain is all real numbers. Range is all non-negative real numbers, or [0,∞] because
absolute value is always positive.

b) It is one to one if restricted to either the negative half or the positive half of the
x−axis.

c) Yes, it is continuous everywhere. There are no breaks.

d) It is not differentiable at 0 because the derivative (slope) is −1 from the left and
+1 from right. So limit of slope of secants cannot exist. It is differentiable everywhere
else.

2. (a) (7 points) Find lim
x→∞

x3 − 1

x3 + 1
.

(b) (7 points) Find lim
x→−3

x2 + 4x+ 3

(x+ 3)2

(c) (3 points) In (a) does the function have a horizontal asymptote? If so, what is it?

(d) (3 points) In (b) why can’t you just plug in x = −3 ? How is that problem avoided
by the limit process? [Hint: Explain what happens as x approaches −3 from either
side].

Solution:

3a. The highest power is x3.

Dividing above and below by x3 we get
(x3 − 1)/x3

(x3 + 1)/x3
=

1− (1/x)

1 + (1/x)
→ 1

1
as x→∞.

So we get lim
x→∞

(x3 − 1)/x3

(x3 + 1)/x3
= 1 and the horizontal line with equation y = 1 is the

horizontal asymptote.

(You can check that same is true on negative side of x−axis also).

(b) NOTE: DIVIDING BY HIGHEST POWER ONLY WHEN x→∞.
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lim
x→−3

x2 + 4x+ 3

(x+ 3)2
= lim

x→−3

x2 + 4x+ 3

(x+ 3)2
= lim

x→−3

(x+ 3)(x+ 1)

(x+ 3)2
= lim

x→−3

x+ 1

x+ 3
.

This limit does not exist.

You can’t just plug in -3 because you get -2/0 which is undefined.

The limit process avoids this by looking only at points near -3.

As x approaches −3 from left the denominator approaches 0 from the negative side.
For example let x = −3.0001. Then −3.0001 + 3 = −0.0001 a very small negative
number. So when you divide x + 1 = −4.0001 by this you get a very big positive
number. Similarly as you approach −3 from right the denominator approaches 0 from
the positive side. For example let x = −2.9999. Then −2.9999 + 3 = 0.0001 a very
small positive number. So when you divide x+ 1 = −3.9999 by this you get a very big
negative number. So from left the graph will go to positive infinity and from right it
would go to negative infinity. Clearly the limit at −3 does not exist. The vertical line
x = −3 is a vertical asymptote of the graph.

3. (15 points) Prove using the limit formula for derivative that

f ′(x) = 3x2 if f(x) = x3.

You MUST use limit formula! 5 points for just writing the formula correctly.

Solution: This is in class notes.

To find f(x+ h) replace x by x+ h.

(x3)′ = lim
h→0

f(x+ h)− f(x)

h
= lim

h→0

(x+ h)3 − x3

h

= lim
h→0

(x3 + 3(x2)h+ 3(x)h2 + h3)− x3

h

= lim
h→0

3x2h+ 3xh2 + h3

h
= lim

h→0
3x2 + 3xh+ h2 = 3x2

4. An object is dropped from 2000 feet and its height (or position) after t seconds is given
by H(t) = 2000− 16t2.

a) (10 points) Find its velocity after 10 seconds (in feet/sec). Is Height increasing or
decreasing? Must use derivative to find out.

b) (6 points) What is its acceleration after 100 seconds? After 200 seconds?

c) (4 points) Is velocity increasing or decreasing? Must use derivative to find out. Is
speed increasing or decreasing? (Remember that speed is absolute value of velocity).

Solution:
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Velocity is given by the derivative of the height function.

V (t) = H ′(t) = (100)′ − (16t2)′ = −32t =⇒ H ′(10) = −32(10) = −320.

Since velocity is negative, height is decreasing.

Acceleration is derivative of velocity or second derivative of H(t).

H ′′(t) = V ′(t) = (−32t)′ = −32.

Since there is no t involved, acceleration is always the same –constant acceleration due
to gravity.

Since acceleration is negative, velocity is decreasing. But velocity itself is negative,
that means speed is increasing. For example, if velocity decreases from -5 to -10, speed
increases from 5 to 10. The reason the signs are like this is because we take the upward
direction (positive y−direction) to be the positive direction.

5. (15 points) Find the derivative of f(x) =
1
3
√
x
− xπ + 3ex.

Solution:

We have f ′(x) = (x−
1
3 − xπ + 3ex)′ = −1

3
x−

1
3
−1 − πxπ−1 + 3ex.

Remember that π is a real number, so we could apply the formula (xr)′ = rxr−1 to
find derivative of xπ.

Thus f ′(x) = − 1

3x
4
3

− πxπ−1 + 3ex.

6. (15 points) Find the equation to the tangent line to y =
x+ 1

x− 1
at x = 2.

Using quotient rule,

dy

dx
=

(x+ 1)′(x− 1)− (x+ 1)(x− 1)′

(x− 1)2
=
x− 1− (x+ 1)

(x− 1)2
=

−2

(x− 1)2
.

Plugging in x = 2 we get the slope of tangent line as −2/(2− 1)2 = −2.

At x = 2 we have y = (2+1)/(2−1) = 3. So equation of tangent line using point-slope
formula is y − 3 = (−2)(x− 2) =⇒ y = −2x+ 4 + 3 = −2x+ 7.
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